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Abstract: With the increasing availability of experimental data on gene interactions, modeling of gene 
regulatory pathways has gained special attention. Gradient descent algorithms have been widely used 
for regression and classification applications. Unfortunately, results obtained after training a model 
by gradient descent are often highly variable. In this paper, we present a new second order learning 
rule based on the Newton’s method for inferring optimal gene regulatory pathways. Unlike the gradi-
ent descent method, the proposed optimization rule is independent of the learning parameter. The flow 
vectors are estimated based on biomass conservation. A set of constraints is formulated incorporating 
weighting coefficients. The method calculates the maximal expression of the target gene starting from a 
given initial gene through these weighting coefficients. Our algorithm has been benchmarked and vali-
dated on certain types of functions and on some gene regulatory networks, gathered from literature. The 
proposed method has been found to perform better than the gradient descent learning. Extensive perfor-
mance comparison with the extreme pathway analysis method has underlined the effectiveness of our 
proposed methodology.
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1  Introduction
Living organisms behave as complex systems that are flexible and adaptive to their surroundings. At the cel-
lular level, organisms function through intricate networks of chemical reactions and interacting molecules. 
The best characterized among these biochemical networks are metabolic pathways, the biological networks 
that involve enzymatic reactions of chemical compounds (Stelling, 2004). Regulatory pathways are another 
class of pathways that represent transcriptional regulation. The concept of a gene regulatory pathway (GRP) 
arises from the regulatory interactions between genes and gene-products. It is basically a sequence of tran-
scription events, from a starting gene to a target one, forming a connected path controlling the process of 
gene expression of the target gene. Pathways are the key to understanding how an organism reacts to per-
turbations in its environment (e.g., heat shock, chemical or hormone stimulus) or internal changes (e.g., 
disease, development, etc.).

Understanding of the gene regulation mechanisms is currently one of the most important tasks for 
systems biology (Schlitt and Brazma, 2007). Gene regulatory networks (GRNs) are composed of genes, 
proteins, metabolites and signaling components. GRNs are concerned with the control of transcription, 
i.e., how genes are up and down regulated in response to signals. These processes are mainly effected 
by special proteins with regulatory function, called transcription factors (TFs). These regulatory proteins 
(TFs) can act either as activators, which means they increase the rate of expression of the genes, or as 
repressors that decrease the rate of expression of the regulated genes. Several approaches have been devel-
oped that enable the experimental or computational identification of interactions between genes and TFs. 
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These interactions give rise to a huge GRN for a particular tissue. A GRN may contain several paths from a 
particular gene to the other. The problem is to identify an optimal pathway through which the transcription 
of the target gene becomes maximum. Identifying optimal GRPs from GRNs is now an area of extremely 
active research (Tu et al., 2006). New experimental technologies now make it possible to quickly obtain 
vast amounts of data on regulatory pathways in a particular organism under particular conditions (Crom-
bach and Hogeweg, 2008).

Commonly, first order backpropagation (BP) by gradient descent (GD) and evolutionary algorithms 
(EAs) are used for learning the functional and structural parameters of GRNs (Lee and Tzou, 2009; Sirbu 
et al., 2010). Here we propose a second order approach, a variant of the first order GD computation tech-
nology, for global optimization to infer GRPs from known GRNs. In contrast with the GD optimization 
rule our method is independent on the learning parameter (Yeh and Cheng, 2010). This second order 
optimization approach is based on modified Newton’s method for multiobjective optimization (Bortoletti 
et  al., 2003). The proposed algorithm overcomes the drawbacks of the standard GD algorithm such as 
slow asymptotic convergence rate, bad controllability of convergence accuracy, local minimum problems 
and high sensitivity to learning constant (Magoulas et  al., 1999). Under this framework, we determine 
optimal regulatory pathways through certain weighting coefficients representing TFs. A set of flow vectors 
is estimated based on biomass conservation constraint. A set of constraints is formulated incorporating 
weighting coefficients. The method calculates the maximal expression of the target gene starting from 
a given initial gene through these weighting coefficients. This new learning method is applied to illus-
trate its better performance than the GD method for various types of benchmark functions. Several GRNs 
such as the Arabidopsis thaliana regulatory network, the Drosophila melanogaster regulatory network, 
the budding yeast cell cycle network and the T helper (Th) regulatory network are also considered. These 
applications and the corresponding validation results suggest that our method is generally applicable to 
a broad variety of problems. This new modeling framework for GRPs can reveal emergent properties of 
the GRNs.

The paper is organized as follows. In the next Section 2 we establish our second order learning meth-
odology as well as related concepts that we use throughout the paper. This is followed by the main results 
concerning derivation of optimal regulatory pathways in Section 3. We then illustrate the results for certain 
functions as well as for four different types of GRNs. Herein we also make a comparison of our method with 
the existing extreme pathway analysis (EPA) method and the GD optimization technique. In the subsequent 
Section 4 we provide a biological validation of the results discussed. We close with conclusions and perspec-
tives in Section 5.

2  Method
Flux balance analysis (FBA) is a mathematical approach for studying biochemical networks, in particu-
lar metabolic networks (Benyamini et al., 2010). FBA has also been extended for modeling the qualita-
tive behavior of GRNs reconstructions by controlling the TF level to capture many interesting biological 
properties as shown in Garg et al. (2007). These network reconstructions contain all of the known regula-
tory reactions in an organism and the genes that encode each enzyme. FBA calculates the flow of genes 
through this GRN, thereby making it possible to predict the growth rate of an organism or the rate of 
expression of a biotechnologically important gene. Our model is a new learning rule developed under the 
framework of FBA and is based on Newton’s method (Wang and Lin, 1998). In our approach we identify 
optimal regulatory pathways in GRNs. Gradient-based methods are one of the most widely used error min-
imization methods used to train BP networks. A novel second-order learning algorithm has been devel-
oped in this article, which represents an attractive alternative to standard BP algorithms. The fast learning 
speed and high convergence accuracy of the proposed learning algorithm has also been discussed here 
(Castillo et al., 2006).
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2.1  Mathematical model

Here we briefly give an overview of the structure and dynamics of GRNs. The GRNs are described by directed 
graphs with nodes corresponding to genes and edges to regulatory interactions (Xiong et al., 2004b). Genes 
with outgoing edges are the source genes. For a given source gene, we call the set of all genes with incoming 
edges from that source gene its target genes. A system boundary can be drawn around a GRN comprising 
of internal flows operating inside the network and exchange flows which allows a gene to enter or exit the 
system boundary. Let g denote the expression levels of the genes in the network and f denote the vector of 
non-linear functions. Thus, gi denotes the expression level of gene i associated with node i in the graph. There 
is a flow, associated with each directed edge (i, j) from node i to node j, which indicates the flow of mRNA 
and thereby protein obtained from gene i transported through the edge (i, j). This protein now binds to gene j 
and regulates its expression level. Rate equations indicating the change of expression levels of the genes over 
time is (Xiong et al., 2004a)

	 dg/dt = f(g, u),� (1)

where u is the set of transcriptional perturbations. For a small value of u, the non-linear equation (1) is trans-
formed to the linear equation

	 dg/dt = AX,� (2)

where A is the regulatory coefficient matrix and X = [gT, uT]T.
GRNs are described by the m × n node-edge incidence matrix B (m is the number of genes and n is the total 

number of regulatory interactions, comprising of both internal and exchange flows). An element eik of matrix 
B is “–1” (“+1”) if k-th edge (interaction) exits (enters) the node corresponding to gene gi. Otherwise, eik = 0. 
The matrix B plays an important role in the modeling of GRPs. Here we assume the rank of the node-edge 
incidence matrix B is equal to m. To define a GRP it is necessary to decompose the matrix A to

	 A = BY,� (3)

where Y is the conductance matrix which indicates the concept of regulatory flow in a GRP. As n > m, equation 
(3) may not be a unique one. So we consider V = YX, where V is the vector of flows comprising both internal 
and exchange flows. The matrices B and V define a homogeneous system that specifies the balance of flows 
at each gene. Therefore substituting equation (3) in equation (2) leads to the equation (Xiong et al., 2004b).

	 dg/dt = BV,� (4)

At steady state, the time derivative of g is set to zero and the above equation (4) reduces to

	 BV≈0,� (5)

which indicates the flow balance equations for the network.

2.1.1  System definition

A simple GRN is shown in Figure 1 to illustrate the methodology. Here we consider gP as the source gene 
and gQ to be the target gene. The internal flows are denoted by v and the exchange flows are denoted by b. 
The GRN considered here consists of R1, R2, … , Rs interactions through s different paths from the starting 
gene gP to the target gene gQ. A system boundary can be drawn around all these types of reactions. A GRP 
determines the route of gene regulation that leads from the transcription of a particular starting gene to the 
transcription of another given target gene through a sequence of transcription events of the intermediate 
genes forming a connected path in the network. The rate of growth of the target gene gQ on the starting gene 
gP which needs to be maximized is obtained by taking algebraic sum of the weighted flows of reactions and 
is given by
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Here vk is the k-th internal flow of the reaction Rk involving only the gene gQ. ck denotes the weighting 
factor representing the concentration of other TFs.

2.1.2  Algorithm outline

A given node-edge incidence matrix consisting of rows corresponding to the number of genes and columns 
corresponding to the number of regulatory interactions among them is used as input to our procedure. We 
start with the computation on this matrix and then perform the following steps:
1.	 Generate the feasible flow vectors of the pathway that satisfy the inequality constraints and the quasi-

steady state condition based on biomass conservation constraint,
2.	 Incorporate a set of weighting coefficients representing concentration of various TFs,
3.	 Formulate an objective function in terms of these weighting coefficients and then minimize it with respect 

to the weighting coefficients using the second order learning rule,
4.	 Determine the optimal regulatory pathway from the values of the weighting coefficients that correspond 

to minimum value of the objective function.

2.1.3  Generation of gene flow vectors

The node-edge incidence matrix B can be computed from the path diagram of the GRNs as depicted in 
Figures 2–5. Path diagrams (directed graphs) are able to depict genetic regulatory relationships by represent-
ing the direction and strength of causal effects in the expression levels of different genes. The path diagram 
consists of nodes, represented by letters, and edges, represented by lines. The nodes of the path diagram cor-
respond to variables. The directed edges between nodes denote the direction of the regulatory relationship 
between the nodes (variables) connected by the edges and indicate a directed regulatory influence of one 
gene on another. The directed edges can represent either activation (positive control) or inhibition (negative 
control) (Barrett and Palsson, 2006).

The internal flows v are positive yielding vi  ≥  0, ∀i. The exchange flows b are unconstrained and operate in 
a bidirectional manner as αj  ≤  bj  ≤  βj where αj and βj are either zero or negative and positive infinity, respectively, 

R2 Rs

R1

gP

gQSystem
boundary

b (exchange flow)

v (internal flow)

Figure 1 A simple gene regulatory network. The three dots indicates the continuation of the biochemical reactions from R1 to 
Rs involving s different paths to reach the target gene. The reactions R1, R2 and Rs, involving the target gene, are shown in the 
diagram.
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based on the direction of the exchange flow. The flow vectors v, forming the null space of B satisfies approxi-
mately the quasi-steady state condition equation (5) and the above mentioned inequality constraints. As 
n > m, equation (5) is under determined (Schilling et al., 2000). We generate p number of basis vectors vb by 
using standard routines and toolboxes available in MATLAB. Then we further generate p number of random 
numbers aj, j = 1, 2, … , p and a vector

	 1
,

p

j bj
j

a
=

=∑v v
�

(7)

until certain inequality constraint on v is satisfied for all its components. All the TFs that are not shown 
in a system may not be expressed at the required level so that the corresponding target genes may not be 
expressed/inhibited fully. This leads to variation in the concentration of other TFs and hence another con-
straint can be defined as

	 B.(C.v) = 0,� (8)

where C is an n × n diagonal matrix whose diagonal elements are the components of the vector c, the weighting 
coefficient. That is, if C=[γij]n × n, then γij = δijci, where δij is the Kronecker delta. Thus the optimization problem 
of determining a GRP yielding maximum expression of the target gene gQ starting from the initial gene gP, 
reduces to a maximization problem, where z is maximized with respect to c, subject to satisfying the con-
straint given in equation (8) along with the inequality constraints described in Section 2.1.3.

AP3

UFOAP1PI

FT

EMF1FUL TFL1

AP2 AG

WUS

SEPLFY1

Gradient descent analysis
method

EPA methodProposed second order
method

Figure 2 The A. thaliana GRN. There are 13 genes (AP3, PI, AP1, UFO, FT, FUL, TFL1, EMF1, AP2, AG, WUS, LFY1, SEP) and 36 
interactions, of which there are 18 positive and 18 negative interactions. The starting gene is AP3 and the target gene is LFY1. 
Positive and negative regulatory interactions are represented by solid and dotted arrows, respectively. The bold and white 
arrows indicate the pathways obtained by the three methods.
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Cell size
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Figure 4 The budding yeast cell cycle regulatory network. There are 13 genes (Cln3, SBF, Cln1,2, Cdh1, Cdc14, Pds1, Cdc20, 
Clb1,2, Sic1, MBF, Clb5,6, Mcm1/SFF, Swi5) and 34 interactions (16 positive and 18 negative) in this network. The starting gene 
is Cln3 and the target gene as Swi5. The solid arrows indicate positive regulations and the dotted arrows indicate negative 
regulations (inhibition, repression or degradation). The bold and white arrows indicates the pathways obtained by the three 
methods.

SLP
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Activation, modification
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EN en
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PH
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FZ FZ mRNA
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COMPL
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Figure 3 The network of interactions between the segment polarity genes of Drosophila melanogaster. There are 17 segment 
polarity genes (EN, en, FZ, SLP, WG, wg, ptc, PTC, smo, SMO, CIR, CIA, ci, CI, PH, hh, HH) and 29 interactions between them (21 
positive and 8 negative). Here the starting gene is SLP and the target gene is HH. The shape of the nodes indicates whether the 
corresponding substances are mRNAs (ellipses), proteins (rectangles) or protein complexes (octagons). The edges are distin-
guished by their signatures, i.e., whether they are activating (→) or inhibiting ( ⊥). The bold black arrows indicates the optimal 
regulatory pathway.
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2.1.4  Determination of weighting coefficients ci through second order learning rule

The objective function z as mentioned in equation (6) is modified to

	 y = 1/z+ΛT.(B.(C.v)).� (9)

using equation (8). The new objective function, y has to be minimized with respect to the weighting factors ci 
for all i. The term Λ = [λ1, λ2, …, λm]T is the regularizing parameter. For the sake of simplicity, we have considered 
here λ1 =  …  = λm=λ (say). ci’s are generated in the range [0, 1] through random numbers. The ci’s are updated by 
the new second order learning rule as

	

2

2 ./i
i i

y yc
c c

∆
∂ ∂=−
∂ ∂

�
(10)

This learning rule is a modified version of the Newton Raphson’s method of weight updating. The ci’s 
can also be modified by using the first order GD optimization technique which largely depends on the value 
of the learning parameter η. We have considered this issue in our earlier work in Das et al. (2010). This new 
learning rule is independent of the parameter η and entirely depends on the proper choice of the initial value 
to reach the global optima. This method based on second order optimization technique overcomes the draw-
backs of the first order gradient method such as reduction of local minimum problems, faster convergence. 
The updated value of ci is as

ci(t+1) = ci(t)+Δci,  ∀i,  t = 0, 1, 2, …

ci(t+1) is the value of ci at iteration (t+1), which is computed based on the ci-value at iteration t. Δci indicates 
the amount of updation. The λ-value is varied heuristically from 0.1 to 1.0 in steps of 0.1. The corresponding 
ci-values are observed as the y-value is minimized. The weighting factor ci attains values between 0 and 1 as 
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Figure 5 Th cell gene regulatory network in human. There are 23 genes namely, TCR, NFAT, IL-18, IL-12, IFN-γ, IL-4, IL-10, IL-18R, 
IL-12R, IFN-γR, IL-4R, IL-10R, IFN-β, IRAK, STAT4, JAK1, STAT6, STAT3, IFN-βR, SOCS1, T-bet, STAT1, GATA3 and 33 regulatory reac-
tions among them, being either positive (i.e., activatory), or negative (i.e., inhibitory). Here the starting gene is TCR and the 
target gene is STAT3. The optimal regulatory pathway as obtained by the present method is shown by bold black arrows and the 
regulatory pathway as obtained by the EPA method and GD method is shown by white arrows.
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mentioned in Section (2.1.4) corresponding to v-values. We take into account only those values of ci’s that are 
close to 1 and ignore the other ci-values that are close to 0.

In the case of metabolic networks, the weighting factor ci indicates the concentration level of i-th enzyme, 
which is an important factor for a metabolic reaction to proceed. For GRNs, c-value indicates concentra-
tion of TFs/regulators, as already mentioned in Section (2.1.1). A low c-value (close to zero) corresponds to 
less amount of TFs/regulators and hence, less amount of mRNA production as well as protein production. 
This will reduce the expression level of the target gene. On the other hand, the non-zero c-values signify the 
presence of required TFs/regulators, to a ceratin extent, for transcription of a gene. Here we have consid-
ered higher c-values for deriving an optimal regulatory pathway. The corresponding minimal value of y is 
observed. These inferences leads us to identify the optimal GRP yielding the maximal expression of the target 
gene gQ starting from the initial gene gP.

3  Results and comparison
To analyze the computational efficiency of our methodology, we first demonstrate it on a general optimi-
zation framework. We have tested our second order learning rule on various types of functions which are 
convex as well as concave in nature (Table 1).

Then we have used a range of GRNs of varying complexity to demonstrate the applicability of our 
approach. We inferred the GRNs from published experimental data. The networks considered are the network 
of Arabidopsis thaliana genes involved in flowering morphogenesis in Figure 2 (Mendoza and Alvarez-Buylla, 
1998), the interaction of the segment-polarity genes in Drosophila melanogaster regulatory network in Figure 
3 (Sanchez et al., 2008), the budding yeast cell cycle network in Figure 4 (Ay et al., 2009) and the T helper (Th) 
cell network in Figure 5 (Garg et al., 2007). Our methodology based on second order learning rule successfully 
reported the optimal regulatory pathways. A comparison with the existing EPA method (Schilling et al., 2000) 
and also with the pure GD algorithm has also been done (Das et al., 2010).

3.1  Theoretical analysis

The second order method produced significant and better results (Table 1) when compared to the GD method 
for the different functions considered. While considering the functions in serial numbers 1 and 2 (Table 1), 
it can be observed that the proposed method requires very few number of iterations to converge starting 
from any initial value. The GD method converges for very small η-value and takes large number of iterations. 
Similar behavior is also observed for the function in serial numbers 3–5 in Table 1. So it can be concluded 
that the problem in choosing the η-value is very crucial for the GD method. For all the functions in serial 
numbers 1–6 in Table 1, the proposed method converges faster than the GD method. The GD method diverges 
or oscillates for large and moderate η-value, and it converges slowly only if the η-value is very small. The 
function in serial number 6 in Table 1 shows oscillatory behavior by the GD method whereas the proposed 
method reaches the optimal value very fast. Thus it can inferred that the proposed method performs better 
as compared to the GD method for steep parabola like functions.

3.2  Arabidopsis thaliana GRN

The goal of this work is to develop a mathematical model of genetic control for determination of floral organ 
identity in A. thaliana flower morphogenesis. The topology of the network and the relative strengths of inter-
actions among these genes were based from published genetic and molecular data (Zhang et al., 2011). A 
genetic control mechanism called the ABC model determining floral organ identity in floral morphogenesis 
has been proposed (Coen and Meyerowitz, 1991). It describes functioning of the genes determining the type 
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Table 1 A comparative study on the proposed method and the GD method for various types of functions.

Serial 
no.

 
 

Functions  
 

Initial value   Proposed method   GD method

Number of 
iterations

  Optimal 
value of x

η-Value  Number of 
iterations

  Optimal 
value of x

1   x4   4  40  0.00  0.5  4  ∞
          0.1  5  ∞
          0.01  10,000  0.0353
          0.005  10,000  0.0499
          0.001  70,000  0.0422

2   316
3

x   10  25  0.00  0.5  5  –∞
          0.01  9  –∞
          0.005  2682  0.0046
          0.001  13,452  0.0046
    2  22  0.00  0.2  6  –∞
          0.01  1338  0.0046
          0.001  13,428   0.0046
    4  23  0.00  0.7  5   –∞
          0.5  5  –∞
          0.1  6  –∞
          0.01  1338  0.0046
    0.1  18  0.00  0.5  21  0.0044

3   91 ( 2)
9

x −   50  200  2.0  0.5, 0.1  2  –∞
          0.01, 0.005   
          0.001   
    10  116  2.0  0.5, 0.1, 0.01  1  –∞
          0.001, 0.005  3  –∞
    4  100  2.0  0.5, 0.1  3  –∞
          0.005  90,000  2.316
          0.001  90,500  2.397

4   3256( 3)
3

x −   5  38  3.0  0.5  5  –∞
          0.01  6  –∞
          0.005  7  –∞
          0.002  52  –∞
          0.001  2151  3.0
    4  36  3.0  0.5  5  –∞
          0.01  7  –∞
          0.005  12  –∞
          0.002  1074  3.0
          0.001  2150  3.0

5   3256( 3)
3

x +   2  25  –3.0  0.5  4  –∞
          0.1  5  –∞
          0.01  6  –∞
          0.0002  2000  –2.99
          0.0001  17,000  –2.99
    5  26  –3.0  0.1  5  –∞
          0.01  4  –∞
          0.001  8  –∞
          0.0001  17,000  –2.99
    10  27  –3.0  0.01  5  –∞
          0.001  7  –∞
          0.0001  17,000  –2.99

6   10,000 x2   10  1  0.00  0.5  10  ∞
          0.1  12  ∞
          0.01  16  ∞
          0.001  27  –∞
          0.0001    Oscillatory

Here “optimal value of x” means the value of x at which the function attains a minimum value

Brought to you by | University of California - San Francisco
Authenticated

Download Date | 12/6/14 9:33 PM



28      M. Das et al.: Second order optimization

of developing floral organ. The genes controlling the type of floral organs can be divided into three classes: A, 
B, and C. A. thaliana flowers consist of four concentric whorls of organs: four sepals, four petals, six stamens 
and two fused carpels arranged from the outermost (whorl one) to the innermost (whorl four). The genes 
related to flowering are grouped into a hierarchy of four sets of genes depending on their time of activation as 
the transition to flowering and flower morphogenesis proceeds (Mendoza and Alvarez-Buylla, 1998). Based 
on these considerations, we have divided the 13 network elements into four groups, A class genes (APETALA1 
[AP1] and AP2) specify sepal fate in the outer (first) floral whorl, A plus B genes (AP3 and PISTILLATA [PI]) 
determine petal development in the second whorl, B plus C genes determine stamens in the third whorl and 
the C gene (AGAMOUS [AG]) alone determines carpel fate in the central (fourth) whorl (Coen and Meyerowitz, 
1991).

The present second order method generates the optimal GRP as AP3→PI→AP1→TFL1→FUL→LFY1. The 
GD optimization method gives a different pathway as AP3→AP1→TFL1→LFY1. The EPA method produces 
another different pathway as AP3→P1→AP1→FUL→LFY1. The three different pathways are depicted by the 
three different arrows as shown in Figure 2.

Table 2 provides a list of c-values and the amount (z) of the protein synthesized by the target gene for an 
optimal regulatory path as obtained by the present method and the GD method by varying the upper bound 
on flow values for the GRN in Figure 2. The z-value decreases with the decrease in upper bound of the flow 
value. It can be observed that the c-values changes for all the 10 instances. Thus, it can be concluded that for 
each of the 10 cases we have obtained the same optimal regulatory path AP3→PI→AP1→TFL1→FUL→LFY1 
(from our proposed method), AP3→AP1→TFL1→LFY1 (by the GD method) although there are differences in 
the c-values. It can be inferred from Table 2 that the decrease in z-value obtained by the GD method is smaller 
than that obtained by our method. Consequently the decrease in y-value by the present method will be much 
more when compared to the GD method. Thus we can conclude that our method performs better as compared 
to the GD method. Similar table can also be constructed for the other examples considered in this work. This 
will lead to similar observations. Thus it can be concluded that the present second order method is effective 
in identifying the optimal GRP.

3.3  Drosophila melanogaster GRN

This regulatory network is extremely well-studied, and the genome sequences of many members of the Dros-
ophila family are now available (Ma et al., 2006). We focus on a recent model of the segment polarity genes 
which are expressed throughout the life of the fruit fly Drosophila melanogaster. There are 40 genes (the 

Table 2 Variation of c-values and average z with the upper bound on reaction flows for the optimal regulatory paths of the 
system in Figure 2.

Serial 
number

  Upper bound 
on flow value

 
 

Optimal c-values 
 

Average amount of protein (z)

Proposed method  GD Proposed method  GD

1  5000  0.95, 0.94, 0.91, 0.82, 0.89  0.91, 0.90, 0.85  6379.44  4096.54
2  4000  0.93, 0.97, 0.96, 0.91, 0.76  0.90, 0.89, 0.81  5104.53  4762.71
3  3000  0.88, 0.85, 0.82, 0.86, 0.85  0.93, 0.82, 0.80  4506.71  3562.81
4  2000  0.88, 0.87, 0.96, 0.93, 0.81  0.87, 0.84, 0.81  3569.88  2373.84
5  1000  0.95, 0.92, 0.87, 0.81, 0.86  0.90, 0.87, 0.85  2678.74  1954.44
6  50  0.81, 0.84, 0.88, 0.81, 0.89  0.89, 0.87, 0.85  59.62  35.78
7  40  0.88, 0.84, 0.94, 0.92, 0.98  0.86, 0.85, 0.82  48.45  26.83
8  30  0.85, 0.93, 0.86, 0.97, 0.86  0.90, 0.89, 0.85  39.78  21.08
9  20  0.93, 0.84, 0.96, 0.94, 0.86  0.91, 0.90, 0.84  31.79  14.85

10  10  0.85, 0.82, 0.93, 0.88, 0.88  0.94, 0.92, 0.91  20.05  10.74
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gap genes, the pair-rule genes and the segment polarity genes) organized hierarchically in this arthropod. 
Here we consider only the segment polarity genes and their associated interactions. The segment polarity 
genes encode for the TF engrailed (EN), the cytosolic protein cubitus interruptus (CI), the secreted proteins 
wingless (WG), the hedgehog (HH), the transmembrane receptor proteins patched (PTC) and the smoothened 
(SMO) involved in transduction of the HH signal (Ingolia, 2004). The present second order method generates 
the optimal GRP as SLP→wg→WG→FZ→en→EN→hh→HH as indicated by bold black arrows as shown in 
Figure 3. The GD optimization method and the EPA method generates the same optimal regulatory pathway 
as described above.

The pair-rule gene sloppy paired slp is activated before the segment polarity genes and expressed 
afterwards. slp encodes two TFs with similar functions that activate transcription and repress en tran-
scription and they are co-expressed. The wg gene encodes a glycoprotein that is secreted from the 
cells and can bind to the Frizzled (FZ) receptor on neighboring cells. This leads to the transcription of 
engrailed en. EN leads to the transcription of the hedgehog gene hh and represses ci and ptc. The hedge-
hog protein (HH) is attached to the cell membrane by a linkage that is severed by the dispatched protein, 
freeing it to bind to the HH receptor PTC on a neighboring cell. PTC forms a complex with smoothened 
(SMO) in which SMO is inactivated by a post-translational conformational change. Binding of HH to PTC 
removes the inhibition of SMO, and activates a pathway that results in the modification of CI. The CI 
protein can be converted into one of two TFs, depending on the activity of SMO. When SMO is inactive, 
CI is cleaved to form CIR, a transcriptional repressor that represses wg, ptc and hh. When SMO is active, 
CI is converted to a transcriptional activator CIA that promotes the transcription of wg and ptc (Nanfack 
et al., 2009).

3.4  Budding yeast cell cycle GRN

The cell-cycle process is highly conserved among the eukaryotes. The cell cycle consists of four phases: G1 
(cell growth and division) phase, S (DNA synthesis and replication of chromosomes) phase, G2 (a “gap” 
between S and M) phase and M (mitosis-chromosomes separated and the cell divided into two) phase (Ay 
et al., 2009). The cell enters the G1 phase after the M phase thus completing a cycle. The G1 phase is observed 
the most in the yeast life cycle. This GRN consists of four different types of entities: cyclins (Cln1, 2, 3 and 
Clb1, 2, 5, 6 which bind to the kinase Cdc28); the inhibitors, degraders and competitors of the cyclin/Cdc28 
complexes (Sic1, Cdh1, Cdc20, Cdc14); TFs (SBF, MBF, Mcm1/SFF, Swi5) and checkpoints (the cell size, the 
DNA replication and damage and the spindle assembly) (Figure 4) (Davidich and Bornholdt, 2008). When 
the cell grows large under rich nutrient conditions the Cln3/Cdc28 will be “activated,” which in turn activates 
(by phosphorylation) a pair of TF groups, SBF and MBF, which transcriptionally activate the genes of the 
cyclins Cln1 and 2 and Clb5 and 6, respectively. The protein Sic1 can bind to the Clb/Cdc28 complex to inhibit 
its function, Clb1 and 2 phosphorylates Swi5 to prevent its entry into the nucleus, whereas Cdh1 targets Clb1 
and 2 for degradation.

The cell-cycle process starts when the cell starts to divide by activating Cln3 (the START). The subsequent 
activity of Clb5 drives the cell into the S phase. The entry into and exit from the M phase is controlled by 
the activation and degradation of Clb2. After the M phase, the cell comes back to the stationary G1 phase, 
waiting for the signal for another round of division. Thus the cell-cycle process starts with the “excitation” 
from the stationary G1 state by the “cell-size” signal and evolves back to the stationary G1 state through a 
well defined sequence of states (Bahler, 2005). So the starting gene can be considered as Cln3 and the target 
gene as Swi5. The present second order method generates the optimal GRP as Cln3→SBF→Cln1,2→Clb1,2 
→Cdc20→Pds1→Cdc14→Swi5. The GD optimization method produces a different path as Cln3→SBF→Cln1,2 
→Sic1, 2→Clb5, 6→Cdh1→Clb1,2→Mcm1/SFF→Swi5. The EPA generates another different pathway as Cln3
→MBF→Clb5,6→Sic1→Clb1,2→Mcm1/SFF→Swi5. The three different types of arrows in Figure 4 denote the 
pathways obtained by the three methods.
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3.5  T helper cell GRN

With the increasing availability of experimental data on gene-gene and protein-protein interactions, mod-
eling of GRNs has gained special attention lately. We benchmarked and validated our algorithm on the T 
helper model from human (Garg et al., 2007). The immune system is composed of diverse cell populations, 
for example antigen-presenting cells, T and B lymphocytes as well as effector cells like eosinophils, mast cells 
and neutrophils. B and T cells are the two major types of lymphocytes in the mammalian immune system. 
One type of T lymphocytes, called T helper (Th), has an important role in regulating this cellular network 
(Naldi et al., 2010). Th cells coordinates the immune system by secreting a series of cytokines, which activate 
other immune cells. Th cells can be further divided into Th1 and Th2 cells. There are five recognized lineages 
of Th cells, namely Th0, Th1, Th2, Th17, and Treg. Th1 and Th2 cells are thought to be mutually inhibitory and 
also to be involved in different diseases; Th1 cells are associated with autoimmune diseases, while Th2 cells 
are involved in allergies (Rodriguez et al., 2007; Pedicini et al., 2010; Hong et al., 2011).

Various kinds of molecules (secreted cytokines, receptors, signal transducers and TFs) were considered 
in Figure 5. An optimal GRP obtained by the present second order method is v1→v4→v10→v11→v12→v22→v27→ 
v16→v17→v19→v20→v21 as shown by bold black arrows. The EPA and GD method generates a different regula-
tory pathway as v1→v4→v10→v11→v12→v30→v15→v16→v17→v19→v20→v21 as shown by white arrows in Figure 5.

4  Biological validation
This second order method yields more relevant results, as compared to GD formalism and EPA analysis (Das 
et al., 2010), from the perspective of biology. Our second order learning method identifies optimal regulatory 
pathways for the GRNs as discussed above and gives similar results as were reported in the literature. The 
biological significance of the genes reported in the optimal GRP and also present in the network are high-
lighted below.

We discuss the biological implications and the potential use of the genetic aspects of flowering in a 
highly studied plant Arabidopsis thaliana GRN in Figure 2. The network includes genes that codify for TFs 
[AG, PI, AP3, WUS, etc.; Coen and Meyerowitz (1991)], F-box proteins [UFO; Samach et al. (1999)], membrane 
bound signaling molecules [TFL1 and FT; Simpson et al. (1999)], cofactors involved in transcriptional regula-
tion [EMF1; Aubert et al. (2001)] and TFs. Recently, it has been shown that EMF1 down-regulates AG (Calonje 
et al., 2008). The starting gene AP3 and the intermediate gene PI of the optimal GRP obtained by the proposed 
second order method are both able to down-regulate AP1 (another intermediate gene of the optimal GRP) 
(Sundstrom et al., 2006). The target gene LFY1 of the optimal GRP is involved in the transition from the non-
flowering state to the flowering pathways. The meristem identity genes LFY and AP1, an intermediate gene of 
the optimal GRP, initiate floral development by activating floral homeotic gene expression in the floral mer-
istem (Bowman et al., 1993). EMF1 gene is part of the proposed floral repressor, which controls the transition 
from vegetative to reproductive growth, and it is proposed to be under the influence of many upstream genes 
(Coupland, 1995). The biological significance of all the genes involved in the GRN of A. thaliana in Figure 2 are 
cited in Mendoza and Alvarez-Buylla (1998), Zhang et al. (2011), Coen and Meyerowitz (1991).

Using Arabidopsis flower development as our model system, we have begun to understand how a group 
of undifferentiated cells in a floral meristem develop into a complex floral structure with four types of floral 
organs and many different cell types. Hence, a mathematical model based on the data on genetic control of 
flower development in A. thaliana can be later applied to study flower development in angiosperms. Floral 
homeotic genes or floral homeotic mutants with A, B, and C functions are found in several plant species 
studied (Angenent et al., 1993; Pnueli et al., 1994). Understanding how domain-specific activities of floral 
homeotic genes are regulated in A. thaliana and other plant species would shed light on the evolution of key 
control mechanism in floral pattern formation.

The segment polarity gene network of Drosophila melanogaster in Figure 3 is a very robust developmental 
module that is adopted in a wide range of developmental programs (Sanchez et al., 2008). These segment 
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polarity genes are conserved among all insects, perhaps among all arthropods. The reliability of our pre-
dictions is confirmed by detailed gene specific studies from the literature. The expression pattern of the 
segment polarity genes [expression of wingless (wg) and engrailed (EN)] (intermediate genes of the optimal 
GRP in Figure 3) maintains the borders between different parasegments (the embryonic counterparts of the 
segments), and executes specific developmental functions such as the growth of the denticle patterns and 
appendage primordia (Ingolia, 2004; Ma et al., 2006). Homologs of the segment polarity genes, present in 
the optimal GRP of Figure 3, have been identified in vertebrates, including humans, which suggests strong 
evolutionary conservation of these genes (Nanfack et al., 2009).

The starting gene Cln3 of the optimal GRP in Figure 4 activates the TFs, SBF and MBF. The transcription 
level of several hundred START-specific genes are correlated with the level of Cln3 expression. Cdh1, an inter-
mediate gene of the optimal GRP, plays an important role in Clb2 (another intermediate gene of the optimal 
GRP) degradation during telophase. Cdc14, an intermediate gene of the optimal GRP, is a phosphatase that 
takes part in the exit phase of mitosis while activating certain proteins such as Swi5, Sic1, Cdh1 and some 
unknown target proteins. Cdc20, an intermediate gene, of the optimal GRP, is needed for Clb5 degradation 
and partial degradation of Clb2 at anaphase. Pds1, an intermediate gene of the optimal GRP, inhibits Cdh1 
activation, possibly by preventing Cdc14 release. The cyclins Cln1, 2 take part in DNA replication, duplica-
tion of the spindle pole body and also in bud formation. Clb1 encodes a B-type cyclin that activates Cdc28 
to promote the transition from G2 to M phase of the cell cycle. Clb1 and Clb2 transcripts accumulate during 
G2 and M phase, and their transcription is repressed at the end of mitosis (Bahler, 2005; Davidich and  
Bornholdt, 2008; Ay et al., 2009).

The importance of all the genes in the optimal GRP of the T helper (Th) GRN in Figure 5 has been observed 
in Santoni et al. (2008). Th1 cells produce interferon IFN-γ (the intermediate gene in the optimal GRP), pro-
moting cell-mediated immunity and control of intracellular pathogens. Th1 differentiation is regulated by 
TFs such as T-bet, Stat1 (the intermediate gene in the optimal path) and Stat4, as well as by cytokines such 
as IL-12, IL-23, IL-27, type I IFNs, and IFN-γ. In contrast, Th2 cells produce IL-4 (the intermediate gene in 
the optimal extreme path), which promotes allergic responses and is important in host defense against hel-
minths. The TFs Stat6, GATA-3, c-Maf, NFATs (the intermediate genes in the optimal GRP), and the cytokine 
IL-4 promote Th2 differentiation.

5  Concluding remarks and future challenges
GRPs are the most complex, extensive control systems found in nature. To have a better understanding of 
these pathways it is necessary to model them using ordinary differential equations and compute their steady 
states (Goelzer et al., 2008). GRP inference is critically important for revealing fundamental cellular pro-
cesses, investigating gene functions and understanding their relations. Herein, we have employed a second 
order optimization method based on Newton’s method to reveal the potential optimal regulatory pathways 
between genes through certain weighting factors that encode the TFs (Buntine and Weigend, 1994). This 
second order learning rule overcomes the drawbacks of the first order BP scheme. Unlike GD this method is 
independent of the learning parameter. The results for different types of benchmark functions are provided 
in Table 1 to demonstrate the effectiveness of the proposed second order scheme, along with its superiority 
over the GD method. Benchmarks on different GRNs of varying complexity show that this new approach 
yields significant results. The results demonstrate that the new second order method can provide meaning-
ful insights in understanding the nonlinear dynamics of the GRPs and revealing potential regulatory inter-
actions between genes.

A variety of aspects provide possibilities for fruitful future work. The Arabidopsis thaliana GRN model 
provides a tool for exploring the relative conservation of the basic structure of flowers among angiosperms. 
This strongly suggests that the ABC model is widely conserved across flowering plants. As flower develop-
ment proceeds, the same or other putative signals might prompt the GRN of A. thaliana for petals, stamens 
and carpels, thus completing flower development. Until now, the methodology has been used mainly on the 
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study of the metabolic and regulatory networks, thus applying it to diverse biological systems will help to 
better appreciate both its strengths and limitations.
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